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ABSTRACT

In this paper we introduced the notions of: ATL law, RAL law, Semiflower,
Flower, Garden and Farm.

Some new algebraic concepts have been defined. An algorithm for ATL test
has been explained.

Some Lemmas, Propositions and Theorems have been proved.
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[. THEFLOWER
1-1 BASIC DEFINITIONS

DEFINITION (1) A groupoid is an ordered pair (S , * ) where S is a non empty set and
* is a binary operation on S. [1]
DEFINITION (2) A binary ope_ration * onanon empty set S is ATL if for alla,bc € S
ax(bxc)=cx(bxa)

DEFINITION (3 ) A binary operﬁtion * on a non empty set S is RAL if for allab,c € S
(axb)xc=(axc)*b

DEFINITION (4) A semiflower is an ordered pair (S, ) where S is a non empty set anc
* is an ATL binary operation on S.

DEFINITION (5) A flower S is a semiflower with a right identity e, such that
axa=e VYaels.

Remark We can give the following equivalent definition for the flower:

DEFINITION (6) A flower is an ordered pair (S , + ) where S is a non empty set and
* is a binary operation on S satisfying the following axioms:

(i) ax(b*xc)=cx(bxa) VabceS (ATL law)
(ii) there exists an element ¢ in S such that

axe=a VaeS (eisarightidentity ofS)
(iii) axa=e Vae$§

DEFINITION (7) A nonempty subset H of a flower (S, x) which is a flower under the
operation « restricted to H is called a subflower of S.

DEFINITION (8) A group (G, * ) is called Lahhamian group if :
axa=e VYaeG where e is the identity of G.
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N.B In the following we shall become less formal and say S is a flower and write (ab )
instead of (a % b ).

1-2 EXAMPLES

(1) Z,Q,R,and C are flowers under the usual subtraction (—) with e=0.

(2) Q*=Q-{0},R*,C*Q* ={qeQ:q>0},and R* are flowers under
the usual division (+) with e=1.

(3) The following two tables define two finite flowers:

*le abcdf
xle abcd -t
<3 : ele cdabf

a
1€ ¢ ala e bec f d

ala e dc b
blb d bibde f ac

ae

¢ cfc a fedb

c|lc baed
d{d f ¢ be a

did ¢ b a e
fIf badce

1-3 ATL TEST

To test a finite groupoid (S, » ) for. ATL law, when the binary operation
is defined by a table,is usually quite a tedious business. I suggest the following algorithm
for test.

The procedure is to be carried out for each element @ of the groupoid S.

Consider the operation o defined in S as follows: xoy =xx(axy) Vx, yeES

ATL law holds in (S, x) if and only if, for each fixed element a € S, this binary operation
o is commutative,

The idea is essentially to construct the table for o, for each element a € S,
and then see if o is commutative or not.

The o - table is obtained from the original * — table by replacing, for eachy € S,
the y column by the a * y column,

For convenience in performing the test, we replace the top index line of the o —table

by the a row of the * —table. For each entry a* y in the a row of the * —table
tells us what column of the * —table to copy down as the y column of the * —table .
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1-4 MAIN RESULTS

LEMMA 1. A nonempty subset H of a flower ( S, % ) is a subflower if and only if H is closed
under the binary operation *.

PROOF  obvious.
LEMMA 2. If ('S, ) is a flower then the following are true Vx,y,z € § :
(1) x(p) =y
(2) yx=e(xy)
(3) elxy) = (ex)(ey)
(4) xy=x  ifandonlyif y=e
(5) xy=e ifandonlyif x=y
(6) ()ix=ey
(7) (xe)x = x(xe) =e

PROOF
(1) x(xy) = p(xx) ATL law
=ye=y axioms 2 and 3
(2) e(xy) = y(xe) = yx ATL law and axiom 2

() (ex)(ey) = ple(ex)) = yx = e(xy) ATL,(1),and (2)
@DODy=x=>xm)=x=y=e

(i) y=e=>xy=x

C)D w=e=>xm)=xe=y=x
(M x=y=>x=py=x=e
(6) Let ()x=u then e((m)x)=eu = x(x)=eu = y(xx)=eu
=> y=eu >ey=cleu) =ue=u
(M) (1) (xeJx=xx=e
(ii) x(xe) =xx=e

COROLLARY 1. Let (S, %) be a flower, then :
() S has a unique right identity.
(i) every element of S has a unique right inverse in S.

LEMMA 3. If (S,*) is a flower then the following are true Vx,y,z € §:
(1) (o)xz) =z
@) (062))(zy) = e (e is the right identity of S )
() (xOm)(xy) =x
@) )z = x(y(ez))
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PROOF
(1) ()xz) = 2(x(xy)) = zp ATL law and Lemma 2
) ()a2))(zy) = (2(x())(@y) = @)(2y) = e ATL law and axiom 3
() *0x)(y) = px(x(x)) = p(()(xx))
= y((x)e) = y(x) = x ATL law and Lemma 2
(4) ()2 = e(z(xy)) = (ez)(e(xy))
= (ez)(yx) = x(¥(ez)) ATL law and Lemma2

PROPOSITION 1. If (S,*) is a flower then :

(bxc)xa=(bxa)*c Va,b,ce S
PROOF
S is a flower implies that ax(bxc)=cx(bx*a) Ya,b,c € S
Let e be the right identity of S then ex (a* (b*c)) =ex (cx (b*a))
So (b*c)*a=(_b*a)*c Va_.b:ceS
PROPOSITION 2. If (G, . ) is an abilian group, then G with the new binary operation
* defined as follows: axb=ab"' VabeG isaflower.
PROOF
() ax(bxc)=ax(bc")=albc™)" = a(ch™) = c(b'a) = c(ba™)"!
=c*(ba')=cx(bxa) Va,b,c € G
(i) axe=a VaeG (e is the identity of the group G)
(i) axa=aa™" = e VaeG

N.B. (G, =) is not a group in general.

EXAMPLES (4) (Z,+) is an abelian group, so ( Z, ) is a flower, but it is not a group.

(3) The Klein 4-group (Viergruppe), V4, is an abelian group
and it is a group also with * .

(6) (Z;,.) isanabelian group, ( p is a prime number),
so(Z;, , x)is aflower but it is not a group.
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PROPOSITION 3.If G is a Lahhamian group then:
(i) G is commutative.
(ii) Gis a flower.

PROOF

(i) a,be G = (ab)(ba) = a(bb)a=e (e
Which implies that ab = ba (Va,b € G)
(ii) Obvious.

is the identity of G )
because the inverse is unique.

THEOREM 1. Let S be a flower, then the left and right cancellation laws hold in S.
PROOF

Let e be the right identity of Sand let  x,y,z € § then:
() if xy=xz then x(xy)=x(xz) whichimplies

=2z
(i) if yx=zx then (wx)(ex) = (zx)(ex) g
x(e(yx)) = x(e(zx)) (ATL law)
x(x)=xxz) = y=z (Lemma 2)

THEOREM 2. Let S be a flower and let a,b € §. The equations

ax=b and ya=0b have unique solutions for x,y € S.

PROOF
Let e be the right identity of S
() ax=b = alax)=ab = x=ab (Lemma 2)
(i) ya=b = (ya)(ea) = b(ea) = a(e(ya)) = b(ea) (Lemma 2)
a(ay) = b(ea) = y = b(ea) (Lemma 2)
Now the uniqueness can be proved easily because S is cancellative.

THEOREM 3. Let S be a flower then:

() aS=8a=8§ Va e S.
2 $=8
PROOF

(1) Let abeanyelementof S,x € § = a(ax) =x = x € aS = S € aS.
2 ButaScS so aS=S. Thesame for Sa =S.
(2) Let xS then VieS x=fx)es® = Sc§

But S2c S  therefore S2=S

15



Al-Laham-New algebraic systems flower, Garden, and Farm

DEFINITION 9. A function p [A] from a flower S to S is a right (left) translation of S if
p(y) = x(p() [Alxy) = Alx)y]  VxyeS

THEOREM 4. Let S be a flower, then every right translation of § commutes with every
left translation of S.

PROOF

We have 5% =S soforevery z € § thereexists x,y € S suchthat z = xyp

Nowlet p: S — S bearigi'lt translation of S,
A:S§— 8§ bea left translation of S,

then VzeS (A0 p)(2) = Ap(x)) = Alxp(y)) = A(x)p(y)
(ped)@) = p(A®)) = p(AX)H) = Ax)p(y)
Therefore peAd=Aep

THEOREM 5. A flower (S, *)isa Lahhamian group if and only if it is associative.

PROOF

(i) IfS is a group then it is associative.

(ii) If S is associative then it satisfies the three axioms of the group,
and so itis a Lahhamian group.

THEOREM 6. A flower (S, *)isaLahhamian group if and only if it is commutative.
PROOF

(i) IfS is commutative then :
ax(bxc)=cx(b*a) YabceS = ax(bxc)=(axb)xc VabceS
then S is associative, and so it is a Lahhamian group.
(i) IfS is a group then it has an identityeand ~ Vx,y € S
xxky=ex(xX*y)=y*x Lemma 2
THEOREM 7. A flower (S, % ) is a Lahhamian group if and only if it has an identity.
PROOF
(i) IfSis a group then it has an identity.
(ii) IfS has an identity e then Vx,y € § xky=ex(x*xy)=yxx byLemma2
so S is commutative, and therefore it is a group by theorem 6.

As a corollary of the last three theorems we can write the following theorem:

THEOREM 8. Let (S, x ) be a flower, then the following conditions are equivalent:
(1) S isa Lahhmian group.

(2) S has an identity.

(3) S is commutative.
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(4) S is associative.
EXAMPLE 7. Let A be a finite set, (A # ¢), and S=P(A) be the set of all parts of A, then
(S,4),(where A is the symmetric difference ) is aLahhamian group of order 2" ; (n =| 4|).

As a corollary of example 7 we can write:
PROPOSITION 4. Forany n e N there exists a Lahhamian group of order 27

PROPOSITION 5. There is no Lahhamian group of prime order greater than 2.

PROOF
Let G bea Lahhamian group of prime order p >3 then G is isomorphic to (Z,,+),
which is obviously not aLahhamian group.

THEOREM 9. (Cauchy) If G is a finite group and p is a prime dividing | G |,
then G has an element of order p. [2]

THEOREM 10 Every finite Lahhamian group G has order 2" suchthat n € N.

PROOF

Let pbeaprime (p > 3), suchthat p divides the order of G, then by Cauchy theorem ,
G hasanelement x € G oforder p , which implies that x? # 1,

(where 1 is the identity of G ), which is a contradiction.

2 - THE GARDEN
DEFINITION 10. A garden is a triple (S,,¢), where S is a non empty set has at least
two elements, * and ¢ are two binary operations on S,
(0:85x8 —8§) and S§*=5-{0},
(0 is the right identity in (S,*) ), satisfies the following axioms:
(1) (S,%) isa flower.
(2) o is ATL (ie. ao(boc)=co(boa) VabceS )
(3) The distributive law
(axb)oc=(aoc)x(boc) VabeS VceS* holdsinS.

EXAMPLE 8. Let A be a non empty set, P( A ) is the set of all its parts,
then (P(4),4,N) is a garden.
EXAMPLE9. Q,R,and C are gardens under the usual two binary operations — and +.

LEMMA 4. Let (S,*,0) beagarden,then VxeS and VyeS*
i 0oy=0
(i) Ox(xoy)=(0xx)oy
(i) (Oxx)o(0xy)=0x(xo(0xy)
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PROOF
(i) We have (axb)oy=(aoy)x(boy) Vabe§ VyeS§*

Let a=b then 0Ooy=(aoy)x(aoy)=0 VyesS*
(i) (0%x)oy=(00y)*(xoy)=0%(xoy) VieS Vyes:
(i) (0*xx)o(0%y)=(00(0xy) *x(xo(0xy))

=0x(xo(0xy) Vxe§ Vye§*

THEOREM 11. A garden (S,%,0) isaringifand onlyif * and ¢ are commutatives.
PROOF

(i) If » is commutative then (S,*) isa group ( by theorem 6).
If o is commutative then it is associative.
Hence S is a ring.
(ii) IfSisaring then * and o are commutatives ( theorem 8).
THEOREM 12. A garden (S,,) of order n divisible by an odd prime is not a ring.

PROOF

Let nbe divisible by aprime p >3 then (S, %) can’t bea group ( by theorem 10).

3 - THEFARM

DEFINITION 11. A farm is a triple (S,+,0), where S is a set has at least two elements,
* and ¢ are two binary operationson S, ( ¢ : SxS8* — §) and

§* =8§-{0}, (0 is the right identity in (S,)),

satisfies the following axioms:
(1) (S,*) is a flower.
(2) (8*,0) is aflower.
(3) The distributive law

(axb)oc=(aoc)x(boc) Va,beS§S YceS§* holdsinS.

Or shortly we can say:
DEFINITION 12 A farm (S, *,0) is a garden such that (S*,¢) is a flower.
THEOREM 13. A finite farm (S, ,¢), suchthat | S |> 2, is not a field.

PROOF
Let (S, *) be a group , then it is a L group , which implies that it has order 2",
(n€N), then | §* |=2"~1, then (S*,¢) can’t be a group ( by theorem 10).
REMARK
I think that the following proposition is right, but I have not the proof yet, so I left it as a
CONJECTURE If (S,x) is a groupoid with a right identity element e,
suchthat xxx=-¢e Vx e S thenforallelements a,b,c€ S :
ax(bxc)=cx(bxa) ifandonlyif (axb)xc=(axc)xb
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